
 

Accepted Manuscript

A Fast Propagation Scheme for Approximate Geodesic Paths

Xiaoguang Han, Hongchuan Yu, Yizhou Yu, Jianjun Zhang

PII: S1524-0703(17)30011-5
DOI: 10.1016/j.gmod.2017.02.004
Reference: YGMOD 969

To appear in: Graphical Models

Received date: 20 December 2016
Accepted date: 13 February 2017

Please cite this article as: Xiaoguang Han, Hongchuan Yu, Yizhou Yu, Jianjun Zhang, A
Fast Propagation Scheme for Approximate Geodesic Paths, Graphical Models (2017), doi:
10.1016/j.gmod.2017.02.004

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service
to our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please
note that during the production process errors may be discovered which could affect the content, and
all legal disclaimers that apply to the journal pertain.

http://dx.doi.org/10.1016/j.gmod.2017.02.004
http://dx.doi.org/10.1016/j.gmod.2017.02.004


ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

A Fast Propagation Scheme for Approximate Geodesic Paths

Xiaoguang Han
The University of Hong Kong

Hongchuan Yu
Bournemouth University

Yizhou Yu
Zhejiang University

Jianjun Zhang
Bournemouth University

Abstract

Geodesic paths on surfaces are indispensable in many
research and industrial areas, including architectural
and aircraft design, human body animation, robotic
path planning, terrain navigation, and reverse engineer-
ing. 3D models in these applications are typically large
and complex. It is challenging for existing geodesic path
algorithms to process large-scale models with millions
of vertices. In this paper, we focus on the single-source
geodesic path problem, and present a novel framework
for efficient and approximate geodesic path computation
over triangle meshes. The algorithm finds and propa-
gates paths based on a continuous Dijkstra strategy with
a two-stage approach to compute a path for each prop-
agating step. Starting from an initial path for each step,
its shape is firstly optimized by solving a sparse linear
system and then the output floating path is projected to
the surface to obtain the refined one for further propa-
gation. We have extensively evaluated our algorithms on
a number of 3D models and also compared their perfor-
mance against existing algorithms. Such evaluation and
comparisons indicate our algorithm is fast and produces
acceptable accuracy.

1. Introduction

With the fast advancements in 3D reconstruction and
scanning technology, 3D digital models of large and com-
plex real objects are becoming more and more accessi-
ble. Such developments have made possible many ap-
plications in 3D geometry processing and shape analysis.
Geodesics often play a fundamental role in these applica-
tions. For example, applications of geodesic distance in-
clude re-meshing [22], shape retrieval [27], and shape seg-
mentation [5].

In contrast to geodesic distance, geodesic paths seem to
have received less attention. Nevertheless, geodesic paths
are indispensable in many research and industrial fields. For
example, when Boeing was designing composite airplanes,
one of the key steps is to identify geodesic paths across var-

Figure 1: Geodesic paths computed using our FPP (Fast
Path Propagation) algorithm. Herein, the Lucy model con-
tains 14M vertices. Refer to the supplementary material for
more results.

ious surfaces of the airplane structure [19]. Geodesic paths
can improve the performance of composite tapes as well as
save weight and material. In general, geodesic designs have
been widely utilized [3] in aircraft structures made of com-
posite materials. Geodesic designs give rise to light-weight
and cost-efficient composite structures. It is worth noting
that such a geodesic design actually requires computing
geodesic paths from all sources to all destinations. Geodesic
paths are also critical to architectural design [23, 11], where
geodesic curves can be used to decompose a mesh into ad-
joining strips. In human body animation, geodesic paths
have been employed to reconstruct facial muscle fibers and
the muscle fibers of a human heart, respectively [1, 15].
Geodesic paths from one source to all destinations are re-
quired in such work. In addition, geodesic paths have been
widely applied to robotic path planning [12], terrain nav-
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igation [10, 2], offset curve generation in CAD [21, 32],
and the generation of feature curves and networks in reverse
engineering [9, 25].

In the aforementioned applications, a common challenge
is that the 3D models—such as 3D terrain models for GIS,
composite structures of airplanes and ship hulls, and 3D
scanning data in reverse engineering—are usually huge and
complex. Furthermore, many applications require dense
geodesic paths over the models. Therefore running time is
vital for such applications. Existing publicly available al-
gorithms for geodesic paths were developed for relatively
small models, and do not have optimal asymptotic time
complexities. On the other hand, efficient algorithms exist
for geodesic distances over large-scale models. Neverthe-
less, even if the geodesic distances at vertices were known,
it would still be a challenge to trace geodesic paths across
mesh faces. Existing algorithms for geodesic distances typ-
ically need to be augmented with a path backtracing step
in order to find out the geodesic paths corresponding to the
computed geodesic distances, and the running time of this
backtracing step usually leads to a nonlinear time complex-
ity.

In this paper, we focus on the single-source geodesic
path problem, that is, computing the geodesics from one
source to all destinations. We present a novel framework for
computing discrete geodesic paths over manifold meshes.
This framework tries to propagate the geodesic paths di-
rectly instead of the distance using “Continuous Dijkstra”
strategy. To make it successful, the geodesic paths are com-
puted for each propagating step with an innovative two-
stage process, first obtaining a floating path in 3D space by
solving a sparse linear system and then tracing the projec-
tion of this floating path on the surface.

Our contributions in this paper lie in the following two
folds.

• Novel computational framework. Our method for
computing discrete geodesics is very different from
existing approaches. In our framework, discrete
geodesics are derived from geodesic curvature elimi-
nation and first-order differential properties of the un-
derlying surface.

• Time efficiency. More importantly, our new frame-
work gives rise to a very efficient approximation al-
gorithm for discrete geodesic computation, making it
possible to process huge models(e.g. the model Lucy
in Figure 1 has 14M vertices).

2. Related Work

There has been much work on geodesic computation. In
this paper, we focus on ”one source all destinations” prob-
lem on triangular meshes. We refer the readers who are not

familiar with this field to [4] which gave an extensive sur-
vey.

To find exact geodesics on parametric surfaces, early
work primarily focuses on convex polyhedra. Sharir et
al. [29] presented an algorithm for exact geodesic compu-
tation with a time complexity O(n3logn). An exact solu-
tion of geodesics on a convex polyhedral surface was devel-
oped in [26], which reduces the complexity to O(nlogn).
For non-convex polyhedra, the MMP algorithm [18] em-
ploys “continuous Dijkstra”, a technique that propagates
distance information from a single source to all destinations
in a Dijkstra-like manner. It takes O(n2logn) time. Later,
the CH algorithm [6] provides another exact solution with
O(n2) complexity. Through numerical experiments, Xin
et al. [31] showed that their improved CH algorithm is
many times faster than the original version. Recently, Xu
et al. [33] replaced the priority queue with bucket sort-
ing, and their algorithms(FWP-MMP/CH) propagate mul-
tiple windows from the same bucket during each iteration.
This strategy effectively reduces the time spent on window
management. Qin et al. [24] proposed a novel computa-
tional framework based on triangle-oriented window propa-
gation which achieves the best performance both in running
time and memory usage with O(n2) time complexity.

In addition to the aforementioned exact geodesic algo-
rithms, there are approximation algorithms aimed at faster
geodesic computation. A straightforward approximation al-
gorithm is proposed in [14], where approximate geodesics
with guaranteed error bounds can be calculated by inserting
extra edges into the mesh and running Dijkstra. Surazh-
sky et al. [30] presented an approximation algorithm for
bounded geodesics from one source to all destinations on
a mesh. Accuracy was dealt with by having a relative error
threshold, and the empirical time complexity is O(nlogn).
Ying et al. [35] presents the saddle vertex graph (SVG),
a sparse graph which well encodes the geodesic informa-
tion on triangle meshes. After precomputing an approxi-
mate SVG, their method can solve the “One source All des-
tinations” problem in an efficient manner. Another popu-
lar approximation algorithm is the fast marching method
(FMM). Kimmel and Sethian [13] firstly employ a vari-
ant of the fast marching method to compute approximate
geodesics. It solves a discrete version of the Eikonal equa-
tion over a triangulated domain in O(nlogn) time. Further,
FMM method is also successfully extended to implicit sur-
face [16] and point clouds [17].

All these algorithms require path back-tracing to identify
geodesic paths. This step results in extra time cost to make
it very challenge for geodesic path computation over large
scale models. To the best of our knowledge, there have not
been any algorithms to study how to compute and propagate
paths over a triangular mesh directly without back-tracing.
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3. Framework for Discrete Geodesic Compu-
tation

In this section, we present a new framework for discrete
geodesic path computation using geodesic curvature. This
framework forms the basis of our algorithm for computing
discrete geodesic paths on meshes, which will be presented
in the next section.

3.1. Geodesic Curvature Elimination

Figure 2: Local geometric configuration for Css estimation

An exact geodesic curve has zero geodesic curvature ev-
erywhere. Let C(s) be a smooth parametric curve on a reg-
ular surface S with C(s1) = p1 and C(s2) = pm, where
s denotes the arc-length parameter of the curve, and p1 and
pm are the two endpoints. The geodesic curvature of C(s)
is expressed as,

kg~n = Css − 〈Css, ~n〉~n, (1)

where Css is the second-order derivative of C(s) with re-
spect to the arc length, and ~n is the unit normal vector of
S at C(s). It has been proven that the geodesic curvature
can be eliminated pointwise on C(s) by moving it in the
gradient direction of the functional representing the overall
length of C(s, t) [28].

In the discrete setting, we discretize curves as a sequence
of linear segments connecting a set of sample points over
the surface. Since we have no explicit parametric form of
the curve C(s), the second-order derivative of C(s) w.r.t
s is approximated with finite differences, as shown in Fig-
ure 2. Css at sample pi can be estimated as Css(pi) ≈(−−−−→pipi+1

fi
−
−−−−→pi−1pi

gi

)
/((gi + fi)/2), where fi = ‖−−−−→pipi+1‖

and gi = ‖−−−−→pi−1pi‖. If the projection of Css on the tan-
gent plane at pi vanishes, the geodesic curvature in (1) also
vanishes at pi. When the geodesic curvature vanishes ev-
erywhere on C(s), the curve converges to a steady state, i.e.
a geodesic curve.

(a) (c)

(b)

Figure 3: Our geodesic computation. (a) The blue points are
the solution of (3) while the red points are the sample points
on the ground truth geodesic. It can be seen that the solution
of (3) deviates from the surface; (b) updated sample points
(i.e. blue points) generated by (4), which become closer
to the surface although may not lie exactly on the faces; (c)
the projection (i.e. dashed line) of the updated geodesic (i.e.
blue line ) onto the mesh surface.

To put the discrete version of (1) in a matrix form, the
second-order derivative of C(s) with respect to the arc
length can be rewritten as Css = KP , where

K =




0I · · ·
a2I b2I c2I

. . .
. . .

. . .
am−1I bm−1I cm−1I

· · · 0I



3m×3m

,

ai = 2
gi(gi+fi)

, bi = − 2
gifi

, ci = 2
fi(gi+fi)

, i = 1, ...,m,

where I denotes the 3 × 3 identity matrix, m is the num-
ber of sample points on C(s), and P represents the con-
catenated coordinates of all sample points, i.e. P =[
p1 · · · pm

]T
3m×1. The discrete version of the geodesic cur-

vature in (1) can be rewritten as,

Kg
~N = KP −NNTKP, (2)

where N =



~n1

· · ·
~nm



3m×m

, and ~ni is the unit sur-

face normal at the i-th sample point, pi. In the current con-
text, we define surface normals at triangle edges and ver-
tices as follows. Suppose an edge e is shared by two faces
fl and fr. The normal direction at e is defined to be the av-
erage direction of the unit normals of fl and fr. The normal
direction at a vertex is defined to be the weighted average of
the unit normals of its surrounding edges. The weight of an
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incident edge is inversely proportional to the edge length.
Our definition of edge normals guarantee that any locally
straight path over the two faces sharing the edge has van-
ished discrete geodesic curvature.

For a discrete geodesic path, with the two endpoints of
C(s) fixed, the sample points should satisfy the following
system of equations,

(
K −NNTK

)
P =



p1
0
pm


 , (3)

where the first and last diagonal blocks of K are replaced
with the 3× 3 identity matrix. This is a necessary condition
for a discrete geodesic path.

Directly solving the system in (3) does not explicitly
constrain the curve within the surface. This usually makes
the final sample points off the mesh surface, and they form
a floating discrete path in 3D space. This is shown in Fig-
ure 3a. Note that every sample point on a floating geodesic
path is associated with a tangent space, which is the tangent
plane at the projection of the sample point on the mesh. To
make the sample points close to the mesh surface, the tan-
gent plane constraint [20] is incorporated into (3). This
results in the following expanded system of equations in a
least-squares sense,

[
K −NNTK

NT

]
P =




p1
0
pm

NT P̄


 (4)

where P̄ is a column vector holding the concatenated co-
ordinates of the projection of all sample points on their re-
spective tangent planes. Note that the tangent plane con-
straint not only makes the path closer to the mesh, but also
improves the condition number of the system.

Figure 4: Identifying the face strip on the mesh which is
closest to a floating path.

Note that both (3) and (4) are actually systems of non-
linear equations because (i) the normal at each projection is
a nonlinear function of the corresponding evolving sample
point; (ii) the sample intervals fi and gi in K are also non-
linear functions of sample point positions. Directly solving

such systems of nonlinear equations would be computation-
ally infeasible. Instead, we seek an approximate solution by
solving a linear version of the system in (4) by fixing ~ni to
be the normal at the projection of pi(0), which is the initial
position of the i-th sample point, fixing P̄ to be the concate-
nated projections of these initial positions, and also fixing
fi’s and gi’s to be their initial lengths.

The resulting linear system cannot compute a geodesic
path from scratch but requires the initial location of the sam-
ple points on the path. We have applied the linear version
to the mesh in Figure 3a and show the result in Figure 3b.
Note that the linear version of (4) still cannot guarantee that
the sample points lie exactly on the mesh surface because
a tangent plane is only a local first-order approximation of
the surface. Nevertheless, the tangent plane constraint in
(4) makes the sample points lie closer to the mesh. In ad-
dition, the initial location of the sample points apparently
affects the quality of their final location since we only solve
a linear version of (4).

3.2. Projection on Polyhedral Surfaces

The linear version of (4) generates a path over the given
mesh by utilizing the vertex normals and their correspond-
ing tangent planes. Once the floating path has been made
close to the mesh, it can be efficiently projected onto the
mesh to obtain the final approximated geodesic path.

To project a floating path Fp = (p0, ..., pm) onto the
given mesh M (where p0 and pm locate at two vertices of
M ), our method firstly finds the face strip on M which is
closest to Fp. Then, we unfold the strip to form a simple
polygon on a plane and find the shortest path from p0 to pm
inside the polygon which is the desired projected path. The
details are as follows:

Face strip localization We firstly determine the first face of
the strip. As shown in Figure 4, for each triangle T from
the one-ring neighbor of p0, we perpendicularly project
p0p1 on it and cut the opposite edge at v1. The triangle
who owns the smallest angle with p0p1 (i.e. ∠p1p0v1) is
the desired triangle T0. Given the new vertex v1, we further
project line v1p2 onto T1 that is adjacent to T0 and cut one
of the opposite edges at v2. In this way, we can trace from
one face to the next until we reach a face which holds pm
and obtain the desired face strip.

Shortest path calculation When the strip is found, it can
be directly unfolded to form a simple polygon on a plane
where p0 and pm are two corners of the polygon. We utilize
a linear-time method [8] to calculate the shortest path from
p0 to pm inside the polygon.
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4. Algorithms

Since we focus on the single-source geodesic path prob-
lem, in this section, we present a new algorithm for com-
puting geodesic paths from one source (e.g. a vertex) to all
destinations (e.g. all other vertices on a mesh). The algo-
rithm is based on (4).

4.1. Continuous propagation strategy

In our algorithm for the single-source geodesic path
problem, we still employ the “continuous Dijkstra” strat-
egy. Starting from one source p0, the distance information
is propagated outwards, as illustrated in Figure 5a. Sup-
pose at an intermediate step, we need to compute the
geodesic path between p0 and pj , and a few pj’s one-ring
neighbors have been visited. Among all such neighbors,
our goal is to identify the optimal neighbor pi∗ such that
i∗ = arg mini Length(PGPi(p0, pj)), where the function
Length() returns the length of a path, and PGPi(p0, pj)
represents a potential geodesic path between p0 and pj
passing near pi. As a simple example, for any pi among
pj’s visited one-ring neighbors, we can form a potential
path PGPi(p0, pj) by concatenating the geodesic path
from p0 to pi with the edge from pi to pj . This concate-
nated path is denoted as p̂0pipj . However, the neighbor
pi∗ that minimizes Length(p̂0pipj) may not be the true
optimal neighbor because the length of p̂0pipj may not be
sufficiently close to the length of the true geodesic path
between p0 and pj . We will discuss a refined strategy
for choosing the optimal one-ring neighbor at the end of
this section. Once we have identified the optimal visited
one-ring neighbor of pj , we take the concatenated path
p̂0pi∗pj as a good initial path, and follow the framework in
Section 3 to obtain a much more accurate path between p0
and pj .

Causality Our method propagates information from vertices
near the source to those further away. However, as meshes
are not regular grids, it is not guaranteed that such prop-
agation is performed strictly from smaller distances to the
source to larger ones. At any time during propagation, there
exist two subsets of vertices. One includes all visited ver-
tices while the other includes vertices that have not been
visited. We define those vertices in the second subset but
adjacent to the boundary of the subset of visited vertices as
the candidates, among which we choose the vertex farthest
from the source, and set the distance between this chosen
vertex and the source as a distance barrier (see Figure 5b).
All unvisited vertices with a distance to the source less than
this distance barrier (we denote the set containing these ver-
tices as C) will be involved in the next round of propagation.
Instead of using a priority queue to organize C as previous
methods did, we run bucket sorting on C (5 buckets are
used in our implementation) and process buckets contain-

i-1P

i+1P

iP

0P
Pj

(a) (b)

Figure 5: (a) “Continuous Dijkstra” strategy. The dashed
lines denote computed accurate geodesics from the source
p0. The green dots denote the boundary of the visited ver-
tex subset. pj is a vertex that has not been visited. Within
its 1-ring neighborhood, the neighbors pi−1,i,i+1 have been
visited. When computing the geodesic p̃0pj , we select an
optimal visited neighbor pi∗ to form the initial path p̂0pi∗pj .
(b) An illustration of causality. The red dots have been vis-
ited. Among the neighbors of the visited vertex subset, the
green dot is the farthest to the source p0. The red circle
indicates the distance barrier.

ing smaller distances earlier as [34]. For convenience, we
estimate the distance barrier using edge lengths instead of
geodesic distances.

Although this scheme is not very precise, in practice, this
does not lead to reduced accuracy due to the following two
primary reasons. Firstly, our floating path calculation based
on (4) is insensitive to the initial path setting, i.e. two differ-
ent but close initial paths could produce two similar floating
paths. This makes monotonous propagation somehow un-
necessary. Second, our geodesic path calculation is insen-
sitive to floating path calculation. Two different but close
floating paths could produce the same geodesic path if they
locate the same face strip.

4.2. Approximated path computing on meshes

Our algorithm for computing approximate geodesic
paths on a mesh surface is summarized in FPP(Fast Path
Propagation) Algorithm. When we compute the geodesic
path between p0 and pj , once we have found pj’s optimal
neighbor pi∗ , pi∗ and all intermediate sample points on the
computed path between p0 and pi∗ are taken as the inter-
mediate sample points on the path between p0 and pj . In
this way, we make use of the concatenated path p̂0pi∗pj to
form a good initial path between p0 and pj . Given such an
initial path, we could solve the linear version of (4) to re-
fine the position of all the sample points. However, since
the number of sample points on a path could be large over a
large-scale mesh, solving the large sparse linear system de-
fined by the linear version of (4) could be time consuming.

In practice, we have an important observation. When
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FPP(Fast Path Propagation): Approximate
Geodesic Computation on Meshes
Data: A mesh S, a source p0 and window size w;
Result: One source to all destinations
repeat
• Select the farthest vertex within the neighbors of
the visited vertex subset as the distance barrier Lm

as shown in Figure 5b;
• Push the neighbors of the boundary of the visited
vertex subset into a queue, Q;
repeat
• Pop a vertex pj from Q, which has not been
visited, and obtain its optimal visited neighbor
pi∗ as shown in Figure 5a;
• Combine the edge pi∗pj with the existing
geodesic p̃0pi∗ to form an initial path from p0
to pj , and then select a w-sized segment
starting from piw to pj on this initial path;
• Solve the linear version of (4) to obtain the
floating geodesic p̃iwpj ;
• Project the floating geodesic p̃iwpj onto S;
• Combine the projected p̃iwpj and the portion
of p̃0pi∗ between p0 and piw to form the
approximate geodesic p̃0pj ;
• Push the neighbors of pj that have not been
visited but within Lm into Q;

until Q is empty;
until the end;

we refine the sample points on the initial path by solving
the sparse linear system, sample points close to the new
destination pj tend to receive much larger displacements
than the rest of the samples. For instance, our experiments
show that the mean displacement of the 10 sample points
closest to the new destination is at least one order of mag-
nitude larger than the mean displacement of the 10 sample
points closest to the source. This indicates that we should
focus on the sample points close to the new destination
during path refinement. Given this observation, to speed up
the computation within a certain error tolerance, a natural
choice is to adopt a fixed-size window to cover the last
w sample points on the initial path and only refine the
sample points within this window by solving the linear
version of (4), which now only involves a constant number
of variables. We further make the computational cost in
solving the linear system more predictable by employing
a direct solver instead of an iterative solver. This refined
path segment within the window is then projected back
onto the mesh. We could alternate between path refinement
and projection multiple times within the window. However,
we found in practice that the projected path after one
refinement has already reached sufficient accuracy, and

further iteration becomes unnecessary. The final geodesic
path is formed by replacing the initial path segment within
the window with the refined and projected one.

Figure 6: Intersection detection between the red path and
other existing paths.

Intersection Removal In principle, single-source geodesic
paths over a mesh surface should not cross each other.
However, in practice, our floating paths are solutions of
least-squares minimizations. Their projections on the
mesh may occasionally intersect. Therefore, we perform
an additional sanity check to remove any intersections
between a new projected path and any previously computed
paths. As shown in Fig. 6, if we consider a floating path
segment between piw and pj , its projection on the mesh is a
polyline lying on a triangle strip. Each triangle on the strip
contains one edge in the polyline. We would like to detect
the last intersection between the polyline and any existing
path. This can be achieved by simultaneously traversing the
edges in the polyline and the triangles in the strip from pj
towards piw . Within the triangle associated with each edge
of the polyline, only paths incident to the vertices in the
strip can potentially intersect with the edge, we keep track
of the closest path (marked as blue and green) on either side
of the edge and perform intersection test against them. If
there exists any intersection as shown in Case 4, we replace
the red edge pspt with the dashed one p′spt (p′s is one of
the vertices on the blue path), and discard the portion of the
polyline between piw and p′s. After this, p′s becomes a new
branching point, and the two previously intersecting paths
now share the same segment between p0 and p′s and then
diverge at p′s. Additionally, the closest path on either side
of the red one should also be updated while the triangle
strip is traversed. At each triangle, if case 2 of the four
different cases happens, the dashed blue path is replaced
with the solid blue one terminating at the red vertex which
is more closer to the red path.

Optimal Neighbor Search Now let us revisit the problem of
searching for the optimal visited one-ring neighbor of the
destination pj . When evaluating the length of a potential
path between p0 and pj that passes by its one-ring neigh-
bor pi, we would like to use a path that is more accurate
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Model Hand Camel Bunny Knot Elephant
# Vertices 80089 207266 753637 1069244 2396060

FPP
max abs 0.144% 0.125% 0.050% 0.116% 0.389%
ave rel 0.039% 0.030% 0.040% 0.066% 0.051%

MMP app.
max abs 0.116% 0.091% 0.058% 0.084% 0.327%
ave rel 0.075% 0.075% 0.059% 0.055% 0.056%

the Heat method
max abs 1.975% 0.879% 0.235% 12.3% 2.01%
ave rel 0.437% 0.123% 0.049% 3.022% 0.197%

Table 1: The max absolute errors (“max abs”) and the mean relative errors (“ave rel”) in distance achieved by our FPP
algorithm, MMP approximation, and the Heat method. All models take the unit cube as the bounding box. The window size
in our algorithm is 30.

Model Hand Camel Jar Terrain Elephant Dragon Gargoyle Neptune Lucy
#Vertices 80089 207266 408378 1574913 2396060 3609455 5391140 12023612 14027872
#Faces 160000 414528 960516 3145728 4792128 7218906 10782288 24047232 28055742

FPP 11.235s 29.862 s 89.298s 332.331s 652.885s 632.987s 2082.225s 4784.156s 5880.172s
MMP app 21.752s 48.093s 154.54s 712.131s 1595.61s 2013.92s 4585.2s Out of Mem Out of Mem

Back tracing 15.75s 30.25s 107.3s 531.3s 1332.5s 1429.6s 3778.57s Out of Mem Out of Mem

Table 2: A comparison of running times between our approximation algorithm (FPP) and MMP approximation. The timing
of MMP app includes the running time of backtracing.

than the concatenated path p̂0pipj . Inspired by the above
idea of path refinement using a fixed-size window, we de-
cided to adopt a smaller fixed-size window to cover the last
w/6 sample points on p̂0pipj , and refine the sample points
within this window by solving a linear system due to (4).
This is repeated over all pj’s visited one-ring neighbors, and
the one corresponding to the shortest refined path is taken
as the optimal neighbor pi∗ . Note that efficiency is the pri-
mary consideration when we choose the size of the window,
and projection is not performed for such refined paths.

In summary, we perform the following steps to obtain
our final geodesic path between p0 and pj . We first use
a small fixed-size window to refine the concatenated path
passing through every visited one-ring neighbor of pj to
identify its optimal neighbor pi∗ ; then we refine the con-
catenated path p̂0pi∗pj within a larger fixed-size window,
which is followed by projection and intersection removal.

5. Performance Analysis

Let us analyze the time and space complexities of the
proposed algorithm.

The time complexity of algorithm FPP depends on the
window size w, which is a constant value. Let us consider
one destination vertex. Once an initial path is formed, only
the last w sample points inside a window need to be up-
dated by solving a linear system with a constant number
of variables, which is a task that can be finished within a
constant amount of time because we use a direct solver in-
stead of an iterative solver for such fixed-size linear sys-

tems. In addition, we need to solve a constant number of
even smaller linear systems when searching for the opti-
mal one-ring neighbor. Thus, optimal neighbor search and
computing the floating path from the initial path both take
constant time. During the procedure of path projection, the
projection of one edge in the floating path on average only
intersects with a constant number of triangle faces. This is
because, in our implementation, the initial position of any
sample point on the path coincides with a mesh vertex, and
thus the average distance between two consecutive sample
points on the path should be approximately equal to the av-
erage edge length on the mesh. Therefore, computing the
projection of a floating path segment in a fixed size window
on average takes O(w) time. Intersection removal needs
to traverse the projected path segment within a fixed size
window. At each edge during the traversal, it takes a con-
stant amount of time to perform intersection test against two
closest edges on nearby paths. Since there is only a constant
number of edges on the projected path segment, performing
intersection detection and removal within the window also
takes constant time.

Thus, the total time complexity of FPP is O(wnv),
where nv denotes the number of vertices (destinations)
on the mesh. Because of the fixed window size, a final
geodesic path shares a significant portion with another
path except for the last w sample points. The total space
complexity is thus also O(wnv).
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6. Experiments and Discussions

We have implemented and fully optimized the aforemen-
tioned algorithm on an Intel Xeon 3.33GHz processor with
24GB RAM and Windows 7 (64-bit) operating system, and
successfully applied it to a large number of 3D models. All
models used in our experiments and the rendering results of
geodesic paths or isolines are shown in the supplementary
material. We would like to emphasize that the proposed
algorithm primarily aims at tracing geodesic paths over
large-scale models.

Constant w It is noted that we take a constant for w (say,
30) which is picked empirically for all our experiments even
the models are in diverse resolutions. This is due to our two
observations. Firstly, the taken constant is enough for our
algorithm to achieve acceptable accuracy(see Table 1) for
all the models. Secondly, we found that the output accuracy
by setting a constant w is insensitive to the scale of input
models, which can be seen from Table 1.

6.1. Accuracy comparisons

We firstly evaluate the accuracy of our approximate path
computation algorithm. Instead of comparing any output
path with its exact one using some distance metrics of two
curves (such as Hausdorff distance), we just compare the
lengths of two paths (i.e. their geodesic distances). The
reasons are in two folds. At first, it is possible for a vertex
to target two vertices in two very different paths but with
totally the same length. In other words, extremely small
computational error might produce a path lying in a very
different location from the exact one. This says that, com-
paring the paths for an approximation algorithm is some-
how meaningless. Additionally, in practice, we usually re-
quire the path to be as short as possible and seldom care
about its location. For example, for robotic path planning,
we care more about how fast a robot can reach the target
than in which way it reaches there.

Our algorithm is compared with MMP approximation
algorithm [30] and the Heat method [7] on five meshes
(i.e. Hand, Camel, Bunny, Knot, and Elephant), which are
representative models with different resolutions and com-
plex geometric and topological structures. The bounding
box of every model has been normalized to a unit cube.
MMP exact was applied to these models in advance, and
the solutions are taken as the ground truth. Table 1 shows
the max absolute errors and the mean relative errors in dis-
tance achieved by these algorithms. The max absolute er-
ror measures the maximal absolute difference between the
length of the approximate path La(v) and the length of the
groundtruth path Lg(v), and the relative error is defined as
|La(v)−Lg(v)|/Lg(v). In our experiment, we set the level
of MMP approximation as the one that can achieve a simi-
lar accuracy as our method and we primarily compare their

running time later. It is obviously that all errors achieved
by our FPP algorithm are significantly smaller than those
of the Heat method.

6.2. Running time comparisons

We then primarily compare the running time between
our FPP algorithm with MMP approximation method (the
approximating level is set as the one achieves a similar ac-
curacy as our method). These two algorithms are applied
on a series of large meshes with increasing resolution. The
experimental results are given in Table 2. To report the run-
ning time of MMP app., we also include the back-tracing
part for fair comparison. To compute the geodesic paths,
we apply the back-tracing technique presented in [30] on
all vertices independently. And the detailed running time
of back-tracing part is also shown. It can be noted that on
reasonably large models, our algorithm is noticeably faster
than MMP app. We also notice that MMP approximation
ran out of memory on two of the largest models while FPP
comfortably ran to the end, which indicates the low space
complexity of our algorithm. These results demonstrate that
our algorithm is suited for computing dense geodesic paths
on large-scale models. In addition, our FPP approach runs
faster than the separated back-tracing process of MMP app.
algorithm. This means, even if we use faster method to
compute distance field, it cannot be performed faster for
computing paths than FPP method due to the back-tracing.
Our method is the first algorithm to compute path without
back-tracing. Refer to the supplementary materials for a vi-
sualization of the geodesic paths computed on the models
used in Tables 1 and 2.

6.3. Performance with varying window size

We have also investigated how the running time and ac-
curacy of our approximation algorithm vary with the win-
dow size. Experimental results on four models are reported
in Figure 7. As before, MMP exact was applied to obtain
the ground truth. According to the results, a general trend
is that the approximation error decreases with an increas-
ing window size. It drops quickly when the window size
is small. However, when the window size reaches 20, i.e.
w > 20, the speed of improvement in accuracy starts to
slow down, as shown in Figure 7a. Meanwhile, the running
time starts to increase more rapidly, as shown in Figure 7b.

7. Conclusions

We have presented an algorithm for approximate
geodesic path computation on triangulated meshes. The
proposed approximation algorithm (Algorithm FPP)
achieves the best time performance with acceptable ac-
curacy, making it possible to process large-scale models.
Numerical comparisons with existing algorithms (i.e.
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Figure 7: Performance of our algorithm with varying window size. (a) Average absolute errors on four models; (For statistical
purpose, we use the average absolute errors instead of the maximal absolute ones here.) (b) running times on the same four
models. The window size w is varied between 5 and 100.

the Heat method, MMP approximation) have further
demonstrated the advantages of our algorithms.
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